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Abstract
BTZ black hole is interpreted as exact solution of 3d higher spin gauge theory.
Solutions for free massless fields in BTZ black hole background are constructed
with the help of the star-product algebra formalism underlying the formulation
of 3d higher spin theory. It is shown that a part of higher spin symmetries
remains unbroken for special values of the BTZ parameters.
1 Introduction
An important difference of (2+1) gravity [1, 2, 3, 4, 5] from higher dimensional gravi-
tational theories is that the vacuum theory is topological, describing no local degrees
of freedom. It was shown in [6, 7] that (2+1) gravity is equivalent to the Chern-
Simons gauge theory of SL(2|R) × SL(2|R) in which the gauge potential describes
dreibein and Lorentz connection. Among other things, on mass shell, this formulation
allows one to treat diffeomorphisms of general relativity as gauge transformations,
that essentially simplifies the quantum analysis [8].
In three dimensions, the Riemann tensor is fully represented by the Ricci ten-
sor. As a result, Rmn = 0 implies Rmnpq = 0, i.e., any vacuum solution is locally
Minkowski. Analogously, any vacuum solution of the Einstein equations with nega-
tive cosmological term is locally AdS3.
BTZ black hole solution in AdS3 was discovered in [9]. The “No Black Hole
Theorem” [10] states that no black hole type solution with (non-zero) horizons in
2+1 dimensions exists unless negative cosmological constant is introduced.
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The BTZ black hole is in many respects analogous to the four-dimensional Kerr
black hole, thus providing a useful model for the study of black hole physics. The
important difference is however that the BTZ black hole has no curvature singularity
[11]. The black hole type geodesics behaviour results instead from the topological
peculiarity of the BTZ solution which is locally isomorphic to AdS3. As shown in [11],
the BTZ solution can be obtained via factorization of AdS3 over a discrete symmetry
group.
Since BTZ solution has zero o(2, 2) curvature, it is also the exact solution of the
nonlinear 3d higher spin (HS) gauge theory [12, 13] which, for the case of vanishing
matter fields, amounts to the Chern-Simons theory for the 3d HS algebra that contains
o(2, 2) ∼ sp(2)⊕ sp(2) as a subalgebra. Until now a very few exact solutions in the
nonlinear HS gauge theory are known apart from pure AdSd. One is the Lorentz
invariant 3d solution found in [13] and its generalization to the 4d HS theory obtained
in [14]. Unfortunately, the physical interpretation of these solutions is still lacking
although they are likely to play a fundamental role in the HS theory as the basis
solutions for the application of the integrating flow machinery [13]. Recently, new
exact solutions have been found by Sezgin and Sundell [15], which may receive some
interpretation in the AdS/CFT context.
The investigation of black hole solutions in higher-dimensional HS gauge theories
is, of course, of primary importance. The main motivation for this work is that,
although being very simple, the study of the BTZ black hole in the 3d gauge theory
can be useful for the study of less trivial Schwarzschild-Kerr-type solutions at least
in two respects. Firstly, we learn how the HS star-product machinery applies to
the black hole physics. This is the aim of this paper. Secondly, pretty much as 4d
Minkowski space-time is a slice of the flat ten-dimensional space-time with matrix
coordinates [16, 17, 18] XAB = XBA (A,B is the 4d Majorana spinor index), it
is tempting to speculate that the 4d Kerr black hole can be interpreted as a slice
of a BTZ-like solution associated with the group manifold Sp(4) which represents
the AdS-like geometry in this framework [19, 18, 20, 21]. If so, the BTZ-like zero
curvature solutions may shed some light on the study of the usual black hole physics
from a more general perspective of higher-dimensional generalized spaces with matrix
coordinates.
The modest aim of this letter is to demonstrate how the methods of HS gauge
theory can be applied to reproduce the known results of the BTZ black hole physics.
Namely, using the oscillator realization of the AdS3 isometry algebra o(2, 2) ∼ sp(2)⊕
sp(2) we find the gauge function of the BTZ solution in terms of Sp(2) group and
then solve free massless field equations in the BTZ background in terms of the Fock
module [22] to show how solutions for massless scalar and spinor fields [23, 24, 25, 26]
are obtained in our approach.
The layout of the rest of the paper is as follows. In Section 2 we summarize
basic facts on BTZ black hole metric, its symmetries and factorization procedure. In
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Section 3 we recall the oscillator realization of AdS3 algebra. In Section 4 coordinate-
free description of BTZ black hole as a flat connection is given. BTZ gauge function is
represented in Section 5. In Section 6 we review dynamical Sp(4) covariant equations
and Fock module formulation of [20, 22]. Star-product realization of Killing vectors
on the Fock module is obtained in Section 7. In Section 8 we find explicit solutions for
dynamical fields in BTZ background using unfolded dynamics approach. In Section
9 we discuss briefly the case of extremal BTZ black hole. Finally, in Section 10 we
explore symmetries of massless fields in BTZ black hole background. Some useful
formulae and intermediate calculations are given in two Appendices.
2 BTZ black hole
In this section we briefly recall some properties of BTZ black hole. For more detail
we refer the reader to the review [11].
The 3d Einstein-Hilbert action with negative cosmological constant Λ = −λ2
S =
1
2π
∫ √−g(R + 2λ2)dtd2x (2.1)
gives Einstein equations
Rmn − 1
2
Rgmn = λ
2gmn . (2.2)
In three dimensions this implies
Rmnpq = −λ2(gmpgnq − gnpgmq). (2.3)
This means that, being a vacuum solution, 3d black hole is locally equivalent to AdS3.
In [9] it was shown that the metric
ds2 = (−M + λ2r2 + J
2
4r2
)dt2 − (−M + λ2r2 + J
2
4r2
)−1dr2 − r2(dφ− J
2r2
dt)2, (2.4)
where φ ∈ [0, 2π], solves (2.2) and describes a rotating black hole with dimensionless
mass1 M and angular momentum J . It has the inner and outer horizons
r2± =
M
2λ2
(
1±
√
1− J
2λ2
M2
)
. (2.5)
The ergosphere (i.e., the g00 = 0 surface of infinite redshift) has rerg =
1
λ
M1/2.
Note that r± are complex for |J | > M/λ, in which case the horizons disappear
and the metric has naked singularity at r = 0. Formally, one can take negative M
1Units are chosen so that G = 1/8.
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in the metric (2.4) when J = 0. But, except for M = −1 corresponding to the
AdS3 space-time, this leads to the naked conical singularity at r = 0 [11], which is
easily seen by the rescaling of the radial variable r → √−Mr. The case of M = 0
and J = 0 corresponds to “massless” black hole that does not reproduce the AdS
space-time (unlike the 4d case). So, we demand
M > 0 , |J | ≤M/λ. (2.6)
The limiting case of |J | =M/λ corresponds to the extremal black hole with r+ = r−.
The AdS3 space-time is a quadric in the four-dimensional pseudo-Euclidian space
with the metric η = diag(+ +−−)
ds2 = du2 + dv2 − dx2 − dy2, (2.7)
u2 + v2 − x2 − y2 = λ−2. (2.8)
The metric of generic BTZ black hole (2.4) for r > r+ is conveniently parameterized
by
u =
√
A(r) cosh(φ˜(t, φ)),
v =
√
B(r) sinh(t˜(t, φ)),
x =
√
A(r) sinh(φ˜(t, φ)),
y =
√
B(r) cosh(t˜(t, φ)), (2.9)
where
A(r) =
1
λ2
(
r2 − r2−
r2+ − r2−
)
, B(r) =
1
λ2
(
r2 − r2+
r2+ − r2−
)
, (2.10)
t˜ = λ2r+t− λr−φ, φ˜ = −λ2r−t + λr+φ. (2.11)
In this paper, we will use the embedding relations (2.9) with r > r+ for the case of
generic black hole. (For more detail on other patches with r ≤ r+ as well as on the
cases of extremal and vacuum black holes we refer the reader to [11]).
The properties of BTZ black hole are heavily based on its group origin. Indeed,
one can combine (u, v, x, y) into a 2× 2 matrix S0 ∈ SL(2|R)
S0 = λ
(
u+ x v − y
−v − y u− x
)
, det(S0) = 1. (2.12)
As shown in [11], the BTZ solution results from the SL(2|R) group manifold, via
factorization over a discrete subgroup by the identification
S0 ∼ ρ+S0ρ− , ρ± =
(
eπλ(r+±r−) 0
0 e−πλ(r+±r−)
)
, (2.13)
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which makes cyclic the variable φ in the metric (2.4).
The isometries of AdS3 are represented as elements of the group SL(2|R)L ×
SL(2|R)R/Z2 ∼ SO(2, 2) acting on group elements by left and right multiplication
S0 → PL S0 PR with the identification (PL, PR) ∼ (−PL,−PR). In accordance with
(2.7), the AdS3 space-time is invariant under the SO(2, 2) transformations generated
by
Jab = Xb
∂
∂Xa
−Xa ∂
∂Xb
, where Xa = (u, v, x, y). (2.14)
According to [11], the isometry algebra of a general BTZ metric (2.4) is generated by
the vector fields ∂
∂t
and ∂
∂φ
. In the case r2+ − r2− > 0, the Killing vector responsible
for the identification (2.13) is
∂
∂φ
= −λr+J12 + λr−J03, (2.15)
whereas the time translation generator is
∂
∂t
= λ2r−J12 − λ2r+J03. (2.16)
Note that, as shown in [11], among six Killing vectors of AdS3 only (2.15) and (2.16)
remain globally defined upon the identification (2.13).
3 Oscillator realization of o(2, 2)
Let us describe the oscillator realization of the algebra o(2, 2) which will be particu-
larly useful for our analysis. The isometry algebra of AdS3 is o(2, 2) ∼ sp(2)⊕ sp(2).
It is spanned by the diagonal sp(2) Lorentz generators Lαβ = Lβα and AdS3 transla-
tions Pαβ = Pβα (α, β, . . . = 1, 2). The commutation relations are
[Lαβ , Lγδ] =
1
2
(ǫβγLαδ + ǫβδLαγ + ǫαγLβδ + ǫαδLβγ) ,
[Pαβ , Pγδ] = 2λ
2(ǫβγLαδ + ǫβδLαγ + ǫαγLβδ + ǫαδLβγ) , (3.1)
[Lαβ , Pγδ] =
1
2
(ǫβγPαδ + ǫβδPαγ + ǫαγPβδ + ǫαδPβγ) ,
where
ǫαβ =
(
0 1
−1 0
)
is the antisymmetric sp(2) invariant form2.
2Spinor indices are raised and lowered according to the rules Aα = A
βǫβα, A
α = ǫαβAβ .
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Let aˆα and bˆ
α be oscillators with the commutation relations
[aˆα, bˆ
β] = δα
β , [aˆα, aˆβ ] = 0 , [bˆ
α, bˆβ] = 0 . (3.2)
The generators of sp(2)⊕ sp(2) admit the standard oscillator realization [27]
Lˆα
β =
1
2
{aˆα, bˆβ} − 1
4
{aˆγ, bˆγ}δαβ , Pˆαβ = aˆαaˆβ + λ2bˆαbˆβ . (3.3)
Instead of working with operators, it is more convenient to use the star-product
operation in the algebra of polynomials of commuting variables aα and b
α
(f ⋆ g)(a, b) =
1
π4
∫
f(a+ u, b+ t)g(a+ s, b+ v)e2(sαt
α−uαvα) d2u d2t d2s d2v . (3.4)
Equivalently,
(f ⋆ g)(a, b) = f(a, b) e
1
2
(←−−
∂
∂aα
−−→
∂
∂bα
−
←−−
∂
∂bα
−−→
∂
∂aα
)
g(a, b) .
The star-product defined this way (often called Moyal product) describes the associa-
tive product of symmetrized (i.e., Weyl ordered) polynomials of oscillators in terms
of symbols of operators. The integral is normalized so that 1 is the unit element of
the algebra. In particular,
1 ⋆ 1 =
1
π4
∫
e2(sαt
α−uαvα) d2u d2t d2s d2v = 1.
From (3.4) it follows that
aα ⋆ f(a, b) = aαf(a, b) +
1
2
∂
∂bα
f(a, b),
bα ⋆ f(a, b) = bαf(a, b) +
1
2
∂
∂aα
f(a, b) .
In particular, the defining relations of the associative star-product algebra are
[aα, b
β]⋆ = δα
β, [aα, aβ]⋆ = 0, [b
α, bβ ]⋆ = 0, (3.5)
where [a, b]⋆ = a ⋆ b− b ⋆ a. The star-product realization of the o(2, 2) generators is
Lαβ =
1
2
(aαbβ + aβbα) , Pαβ = aαaβ + λ
2 bαbβ . (3.6)
For convenience, from now on we set the AdS3 radius equal to unity (λ=1).
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4 BTZ black hole as flat connection
Since BTZ black hole is locally equivalent to AdS3 it can be described by a flat
connection of sp(2)⊕ sp(2). Indeed, let w0 be a sp(2)⊕ sp(2) valued 1-form
w0(a, b|X) = 1
2
ωαβ(X)Lαβ +
1
4
hαβ(X)Pαβ , (4.1)
where Pαβ and Lαβ are the AdS3 generators (3.6) while ωαβ(X) and hαβ(X) are
1-forms. Then the zero-curvature condition
R = dw0 − w0 ⋆ ∧w0 = 0 (4.2)
is equivalent to the equations
dωαβ +
1
2
ωα
γ ∧ ωγβ + 1
2
hα
γ ∧ hβγ = 0, (4.3)
dhαβ +
1
2
ωα
γ ∧ hγβ + 1
2
ωβ
γ ∧ hαγ = 0. (4.4)
Identifying ωαβ with Lorentz connection and hαβ with dreibein, (4.4) gives the zero
torsion condition while (4.3) implies local AdS3 geometry.
The equation (4.2) is invariant under the gauge transformations
δw0 = dǫ− [w0, ǫ]⋆ , (4.5)
where ǫ(a, b|X) is an arbitrary infinitesimal gauge parameter. Any fixed vacuum
solution w0 of the equation (4.2) breaks the local symmetry to its stability subalgebra
with the infinitesimal parameters ǫ0(a, b|X) satisfying the equation
dǫ0 − [w0, ǫ0]⋆ = 0. (4.6)
Consistency of this equation is guaranteed by (4.2). Its generic solution has at most
six independent parameters, the global symmetry parameters. How many of these
survive in a locally AdS3 geometry depends on its global properties (i.e., boundary
conditions). The true AdS3 space-time has all six symmetries which are o(2, 2) mo-
tions of AdS3. For the generic BTZ black hole solution only two of the six parameters
survive.
Locally, the general form of the dreibein and Lorentz connection of sp(2)⊕ sp(2)
algebra that satisfy (4.3) and (4.4) is
hαβ = (W
−1
1 )α
γd(W1)γβ − (W2)αγd(W−12 )γβ, (4.7)
ωαβ = (W
−1
1 )α
γd(W1)γβ + (W2)α
γd(W−12 )γβ , (4.8)
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where W1,2α
β(X) ∈ Sp(2), i.e.,
(W−11,2 )αβ = −(W1,2)βα. (4.9)
From (4.7) it follows that the metric is
ds2 =
1
2
hαβh
αβ =
1
2
dSαβdS
αβ , (4.10)
where
Sαβ = (W1)α
γ(W2)γβ. (4.11)
Thus, any locally AdS3 metric is determined by a Sp(2) matrix field Sαβ(X). (Note
that, generally, Sαβ 6= Sβα.) To obtain the BTZ metric (2.4) one can use the matrix
S0 (2.12) with the parametrization (2.9).
A class of the dreibeins (4.7) and Lorentz connections (4.8), that are well-defined
with respect to the identification φ → φ + 2π, can be found using the following
decomposition of the matrix S0 (2.12):
S0α
β = (K+UrK−)α
β (4.12)
with the Sp(2) matrices K± and Ur of the form
K± =
(
e
1
2
(φ˜∓t˜) 0
0 e−
1
2
(φ˜∓t˜)
)
, Ur =
( √
A −√B
−√B √A
)
. (4.13)
Note, that K± belong to the Abelian BTZ Killing subgroup of Sp(2)× Sp(2).
Setting W1 = K+U1 and W2 = U2K− with U1U2 = Ur, we reproduce (4.12) in the
form (4.11). The corresponding dreibein and Lorentz connection
h = U−11 K
−1
+ dK+U1 − U2K−dK−1− U−12 + U−11 dU1 − U2dU−12 , (4.14)
ω = U−11 K
−1
+ dK+U1 + U2K−dK
−1
− U
−1
2 + U
−1
1 dU1 + U2dU
−1
2 (4.15)
do not depend on t, φ as soon as U1,2 = U1,2(r). Therefore they remain well-defined
in the BTZ case upon the identification φ→ φ+ 2π.
It is convenient to use the following matrices U1,2
U1 =
(A
B
) 1
4
(
0 −µ(r)√B
η(r)
√
A µ(r)
√
A
)
, U2 =
(A
B
) 1
4
(
µ(r) 0
−µ−1(r) η(r)√AB
)
,
(4.16)
where µ(r), η(r) are some functions that depend on the radial coordinate and satisfy
µ(r)η(r) = A−1(r) . (4.17)
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The resulting matrices W1α
β = (K+U1)α
β, W2α
β = (U2K−)αβ are
W1α
β =
√
u+ x
y − v
(
0 −µ(y − v)
η(u− x) µ(u− x)
)
,
W2α
β =
√
u+ x
y − v
(
µ 0
−µ−1 η(u− x)(y − v)
)
. (4.18)
According to (4.7) and (4.8), the corresponding dreibein and Lorentz connection have
the form
h11 = Aµ
2
(
−dt˜ + dφ˜+ 1
2AB
dA
)
,
h12 = h21 = dt˜− 1
2B
dA, (4.19)
h22 = −µ−2
(
dt˜ + dφ˜− 1
2AB
dA
)
,
ω11 = Aµ
2
(
−dt˜+ dφ˜+ 1
2AB
dA
)
,
ω12 = ω21 = −dφ˜− 1
2A
dA− 2
µ
dµ, (4.20)
ω22 = µ
−2
(
dt˜+ dφ˜− 1
2AB
dA
)
,
where A,B and φ˜, t˜ are defined in (2.10) and (2.11), respectively. These expressions
are well-defined on S1 with the cyclic coordinate φ ∼ φ+ 2π.
5 Gauge function
Locally, the equation (4.2) admits a pure gauge solution
w0(a, b|X) = −g−1(a, b|X) ⋆ dg(a, b|X) , (5.1)
where g(a, b|X) is some invertible (g−1 ⋆ g = g ⋆ g−1 = 1) element of the star-product
algebra. Once the gauge function g(a, b|X) is known, in the unfolded formulation
this is equivalent to the full solution of the linear problem. In particular, the global
symmetry parameters satisfying (4.6) have the form
ǫ0(a, b|X) = g−1(a, b|X) ⋆ ξ ⋆ g(a, b|X) , (5.2)
where ξ = ξ(a, b) is an arbitrary X-independent element of the star-product algebra.
In Section 6 it is explained how the knowledge of g(a, b|X) allows one to reconstruct
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a generic solution of free field equations. As is well-known, the pure gauge represen-
tation (5.1) is invariant under left global transformations
g(a, b|X)→ f(a, b) ⋆ g(a, b|X) (5.3)
with an X-independent star-invertible f(a, b).
Using the results of [20] we obtain that the gauge function g(a, b|W1,W2), that
generates (4.7) and (4.8) via (5.1), is
g(a, b|W1,W2) = 4√
det ||(W1 + 1)(W2 + 1)||
exp
(
− 1
2
Παβ(W1)T
+
αβ −
1
2
Παβ(W2)T
−
αβ
)
,
g−1(a, b|W1,W2) = 4√
det ||(W1 + 1)(W2 + 1)||
exp
(1
2
Παβ(W1)T
+
αβ +
1
2
Παβ(W2)T
−
αβ
)
(5.4)
with3
Παβ(W ) = Πβα(W ) =
(W − 1
W + 1
)
αβ
(5.5)
and
T±αβ = aαaβ + bαbβ ± (aαbβ + bαaβ). (5.6)
Here T±αβ are the generators of the sp(2) subalgebras of sp(2)⊕sp(2) generated by the
two mutually commuting sets of oscillators α±α = aα± bα satisfying the commutation
relations [α±α , α
±
β ]⋆ = ±2ǫαβ . In practice, it is often convenient to use the star-product
defined in terms of mutually commuting oscillators α±β as
4
(f ∗ g)(α±) = 1
(2π)2
∫
f(α± + u)g(α± + v)e∓uαv
α
d2ud2v . (5.7)
Taking into account that T±αβ = α
±
αα
±
β , the following useful formula for the gauge
function (5.4) results from (5.7) (for more detail see [20])
g(a, b|K1, K2) ⋆ g(a, b|U1, U2) = g(a, b|K1U1, U2K2) (5.8)
at the condition that the matrices K1,2 + 1 and U1,2 + 1 are non-degenerate. Owing
to the equality
Παβ(W ) = −Παβ(W−1) ,
3A matrix fraction B
A
is understood as A−1B. Note that (5.5) is an analogue of the so-called
Caley’s transformation.
4Note that linear transformations of the generating elements of the Weyl star-product form au-
tomorphisms of the star-product algebra. This is the consequence of the definition of the Weyl
star-product as resulting from the totally symmetrized ordering prescription in terms of the gener-
ating oscillators, which is insensitive to the particular choice of basis oscillators.
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the transformation of the gauge function (5.4)
g(a, b|W1,W2)→ g(a, b|W1,W2) ⋆ Λ−1(a, b|V ) (5.9)
with
Λ(a, b|V ) = 4
det ||V + 1|| exp
(1
2
Παβ(V )(T+αβ − T−αβ)
)
,
Λ−1(a, b|V ) = 4
det ||V + 1|| exp
(
− 1
2
Παβ(V )(T+αβ − T−αβ)
)
, (5.10)
where Vαβ(X) ∈ Sp(2), describes the local Lorentz transformation of the dreibein
(4.7)
hαβ → V γαV δβhγδ , (5.11)
that leaves invariant the metric (4.10).
Also from (5.8) it follows that the dreibein (4.14) and Lorentz connection (4.15)
are reproduced by the gauge function of the form
g(a, b|t, φ, r) = Φ(a, b|t, φ) ⋆ U(a, b|r) (5.12)
with
Φ(a, b|t, φ) = 4√
det ||(K+ + 1)(K− + 1)||
exp
(
− 1
2
Παβ(K+)T
+
αβ −
1
2
Παβ(K−)T
−
αβ
)
,
U(a, b|r) = 4√
det ||(U1 + 1)(U2 + 1)||
exp
(
− 1
2
Παβ(U1)T
+
αβ −
1
2
Παβ(U2)T
−
αβ
)
,
provided that U1U2 = Ur (4.13).
Note that the metric (4.10) is invariant under global left and right group multi-
plications of Sγ
δ(X) S → HSH˜, where H and H˜ are some X-independent elements
of Sp(2). We will use this ambiguity in Section 6 to analyze the problem away from
the outer horizon. For that purpose let us choose
Sγδ = (HS0)γδ (5.13)
with the constant matrix H of the form
Hγ
δ =
(
α β
β α
)
, (5.14)
where α2 = A(r0) and β
2 = B(r0) for some r0 > r+. From (2.10) it follows that
α2 − β2 = 1. The new matrix Sγδ is
Sγδ =
(
α(y − v) + β(x− u) α(x+ u)− β(y + v)
β(y − v) + α(x− u) β(x+ u)− α(y + v)
)
. (5.15)
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Taking into account (4.11) and (5.8), this transformation is reached by
g(a, b|W1,W2)→ K(a, b|H) ⋆ g(a, b|W1,W2) , (5.16)
where
K(a, b|H) = 2√
det ||H + 1||e
− 1
2
Πγδ(H)T+γδ .
Thus, dreibein and Lorentz connection remain invariant under the transformation
(5.13).
Note, that K(a, b|1) = 1. As explained in the next section, the case with
K(a, b|H) 6= 1 plays a role of regularization that allows us to analyze the prob-
lem away from a point where a solution of interest develops singularity. After the
solution is found we remove the regularization by setting α = 1, β = 0.
6 Unfolded equations for 3d massless fields and
Fock module
To formulate free dynamical equations for massless fields in the BTZ black hole
background we follow the unfolded formulation of the massless field equations worked
out in [28, 22, 20]. In particular, as shown in [22], the free field dynamics of massless
spins s = 0 and s = 1
2
in AdS3 can be formulated in a manifestly conformal invariant
way in terms of sections of a certain Fock fiber bundle. Namely, consider space-time
fields that take values in the Fock module generated by the oscillator bα
|C(b|X)〉 = C(b|X) ⋆ |0〉〈0|, (6.1)
where C(b|X) is the generating function
C(b|X) =
∞∑
k=0
1
k!
Cα1...αk(X)b
α1 . . . bαk , (6.2)
and |0〉〈0| = e−2aγbγ is the Fock vacuum satisfying
aα ⋆ |0〉〈0| = 0 , |0〉〈0| ⋆ bα = 0 . (6.3)
The dynamical massless scalar and spinor fields identify with the lowest components
C(X) = C(b|X)|b=0 , Cα(X) =
∂
∂bα
C(b|X)
∣∣∣
b=0
. (6.4)
The dynamical equations for massless fields in a locally AdS3 space-time can be
formulated in the unfolded form
d|C(b|X)〉 − w0(a, b|X) ⋆ |C(b|X)〉 = 0 , (6.5)
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where w0(a, b|X) fulfils the zero-curvature condition (4.2). Let us show that (6.5) is
equivalent to conformal Klein-Gordon and Dirac equations along with constraints that
express higher multispinor components in the expansion (6.2) via higher derivatives
of the dynamical fields [22]. Using (4.1), the equation (6.5) can be rewritten in the
component form as
DCα1...αk =
k(k − 1)
4
h(α1α2Cα3...αk) +
1
4
hβλCβλα1...αk , (6.6)
where parentheses denote total symmetrization and D is the Lorentz covariant dif-
ferential
DCα1...αk = dCα1...αk +
k
2
ω(α1
γCγα2...αk) .
Setting k = 0 and k = 2 one gets from (6.6)
DnC =
1
4
hn,
αβCαβ , (6.7)
DnCαβ =
1
2
hn,αβC +
1
4
hn,
γδCαβγδ . (6.8)
Using that Cαβγδ is symmetric in its indices we obtain from (6.7), (6.8) the Klein-
Gordon equation for the scalar field C(X)
C ≡ DnDnC = 3
4
C . (6.9)
Analogously, from the equations (6.6) with k = 1 we obtain the Dirac equation
hn, αβDnC
β = 0 . (6.10)
All other fields in the multiplet (6.2) are expressed by (6.6) via derivatives of the
dynamical fields (6.4).
The gauge transformation (4.5) acts on the Fock module in a natural way
δ|C(b|X)〉 = ǫ(a, b|X) ⋆ |C(b|X)〉 . (6.11)
In particular, the Lorentz transformation (5.9) of the gauge function acts as follows
|C(b|X)〉 → Λ(a, b|V ) ⋆ |C(bα|X)〉 = |C(Vαβbβ |X)〉 , (6.12)
where Λ(a, b|V ) is defined in (5.10).
Choosing w0(a, b|X) in the pure gauge form (5.1), one obtains general local solu-
tion for |C(b|X)〉 in the form
|C(b|X)〉 = g−1(a, b|X) ⋆ |C(b|X0)〉 = g−1(a, b|X) ⋆ C(b) ⋆ |0〉〈0| , (6.13)
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where |C(b|X0)〉 = C(b)⋆|0〉〈0| plays a role of initial data. The meaning of the formula
(6.13) is that, for g(a, b|X0) = 1 at some X = X0, it gives a covariantized Taylor
expansion that reconstructs a solution in terms of its on-shell nontrivial derivatives
at X = X0 parameterized by C(b). Note that this interpretation can be adjusted to
any given regular point X0 by the redefinition of the gauge function
g(a, b|X)→ g˜(a, b|X) = g−1(a, b|X0) ⋆ g(a, b|X) (6.14)
that leaves unchanged the flat connection (4.7) and (4.8), effectively implying the
redefinition of the C(b)
|C(b|X)〉 = g˜−1(a, b|X) ⋆ C˜(b) ⋆ |0〉〈0| , C˜(b) ⋆ |0〉〈0| = g−1(a, b|X0) ⋆C(b) ⋆ |0〉〈0| .
Clearly, this formalism cannot be applied to a point X0 at which a solution C(b|X)
develops a singularity. In practice, a space-time singularity at X0 manifests itself
in the nonexistence of the corresponding C˜(b) ⋆ |0〉〈0| (note that the star-product of
nonpolynomial functions is not necessarily well defined). The way out is to perform
some redefinition (6.14) that would correspond to the analysis at some regular point
of the solution.
The unfolded form of massless field equations (6.6) is manifestly conformal in-
variant with the 3d conformal algebra sp(4) ∼ o(3, 2) generated by various bilinears
of the oscillators (3.2). It can be extended to the massive case by the replacement
of the usual oscillators aα, b
α with the so-called deformed oscillators along the lines
of [13] (and references therein) or using the Fock module realization of the deformed
oscillator algebra with the doubled number of oscillators as in [22] and in this pa-
per. (Note that, as expected, the conformal algebra sp(4) breaks down to the AdS3
algebra sp(2)⊕ sp(2) in the massive case because of the properties of the deformed
oscillators.) As the corresponding formulation is technically more involved the case
of arbitrary mass is not considered in this paper.
In the standard formulation, the case of a massive scalar field in the BTZ black
hole background (2.4) was originally considered in [23, 24]. A solution of
C = m2C
with definite energy E and angular momentum L has the form
C(t, r, φ) = e−iEteiLφR(r) , (6.15)
where
R(r) =
(
1−A(r)−1)P+Q2 A(r)−γf(r) , (6.16)
P = i
E − L
2(r+ − r−) , Q = i
E + L
2(r+ + r−)
, m2 = 4γ(1− γ) (6.17)
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and
f(r) = K1F (P+γ,Q+γ, 2γ;A(r)
−1)+K2A(r)
2γ−1F (P+1−γ,Q+1−γ, 2−2γ;A(r)−1)
with K1, K2 being integration constants. A(r) is defined in (2.10) and F (a, b, c; x) is
the hypergeometric function. Note that the substitution γ → 1− γ interchanges the
two independent basis solutions. The massless case (6.9) corresponds to m2 = 3/4
and, consequently, γ = 1/4.
In the rest of this paper we show how known results for massless scalar and spinor
fields in BTZ black hole background are reproduced in our approach. To single out
the states with definite energy and angular momentum in the multiplet |C(b|X)〉 we
impose the following conditions
ǫt ⋆ |C(b|X)〉 = −iE|C(b|X)〉 , ǫφ ⋆ |C(b|X)〉 = iL|C(b|X)〉 , (6.18)
where ǫt = g
−1 ⋆ ξt ⋆ g , ǫφ = g−1 ⋆ ξφ ⋆ g are the symmetry generators of the BTZ
Killing vectors ∂
∂φ
(2.15) and ∂
∂t
(2.16). Using (6.13) we rewrite (6.18) as
ξt ⋆ C(b) ⋆ |0〉〈0| = −iEC(b) ⋆ |0〉〈0| , ξφ ⋆ C(b) ⋆ |0〉〈0| = iLC(b) ⋆ |0〉〈0| . (6.19)
To analyse these equations, which define initial data C(b), we have to find the form of
the generators ξt and ξφ in the star-product algebra. This is done in the next section.
The following comment is now in order. The solution (6.15) is singular at r = r+.
Therefore, it cannot be treated in the unfolded formulation within the expansion at
the horizon. Indeed, in Section 8 we will see that the equations (6.19), that correspond
to the expansion at r = r+, admit no solutions with C(b) regular in b
α, that can be
interpreted in terms of the Fock module. Note, that since the gauge function (5.4)
is regular on the horizon, this means that the singularity of a solution results from
the condition that it carries definite energy and momentum and can be avoided by
relaxing this condition.
To see that the gauge function (5.4) indeed corresponds to the expansion near
horizon we observe that it can be transformed to unity by a Lorentz transformation.
Actually, according to (5.9) and (6.13) the Lorentz transformation Λ(a, b|W2) acts on
g(a, b|W1,W2) as
g˜(a, b|W1,W2) = g(a, b|W1,W2) ⋆ Λ−1(a, b|W2) = g(a, b|W1W2, 1)
and thus,
g˜(a, b|W1(X0),W2(X0)) = 1 iff W1(X0)W2(X0) = 1 .
The choice of the gauge function (5.16) with Hγ
δ = δγ
δ corresponds to Sγ
δ =
(HW1W2)γ
δ = δγ
δ at the point X0 = {r = r+, t = 0, φ = 0} that belongs to the
horizon. Indeed, S0(X0)γ
δ = δγ
δ implies v0 = x0 = y0 = 0, u0 = 1 that corre-
sponds to r0 = r+, t0 = φ0 = 0. To avoid this problem we apply the transfor-
mation (5.16) to achieve the redefinition (5.15). Now S(X0)γ
δ = δγ
δ at the point
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X0 = {r0 > r+, t = 0, φ = 0} which, unless α = 1, β = 0, is regular thus allowing
consistent unfolded analysis at least in some its neighbourhood. The regularization
with α 6= 1 and β 6= 0 is necessary for intermediate calculations (see Appendix B)
while the limit α→ 1, β → 0 can be taken in the final expression for C(b|X). Recall,
that the ambiguity in Hγ
δ does not affect BTZ black hole connections (4.19), (4.20).
7 Star-product realization of AdS3 Killing vectors
Any Killing vector ∂
∂ζ
of AdS3 is a linear combination of Jab (2.14), i.e.,
∂
∂ζ
= ΩabJab , (7.1)
where Ωab = −Ωba are some constants. In the star-product algebra it corresponds to
a global symmetry generator ξ that belongs to sp(2)⊕ sp(2) algebra, i.e.,
ξ = (κ1)
αβLαβ + (κ2)
αβPαβ (7.2)
with some constant matrices κ1 and κ2. To find ξt and ξφ associated with the BTZ
Killings ∂
∂t
and ∂
∂φ
let us evaluate the on-shell action of the generators Lαβ and Pαβ
on the scalar field. We will use the gauge function (5.16) with Sαβ (5.15).
Let us introduce the generating parameters ξL = (κ1)
αβLαβ for a Lorentz gener-
ator and ξP = (κ2)
αβPαβ for a AdS-translation generator. Using (5.2), (5.4), (6.11)
and the equations of motion it is not hard to obtain (see Appendix A for details)
δLC(X) =
1
2
(κ1)
αβLαβ,n∂nC(X) (7.3)
and
δPC(X) = (κ2)
αβPαβ,n∂nC(X) , (7.4)
where
Pαβ,n = ∂nSαγSβγ − ∂nSγαSγβ , Lαβ,n = 1
2
(∂nSαγSβ
γ + ∂nSγαS
γ
β) . (7.5)
Substituting (5.15) into (7.5) and comparing the resulting expression with the AdS
Killing vectors (2.14) we obtain
Lγδ =
(
αβ(J12 − J03)− α2J23 − β2J01 + J02 −αβ(J01 + J23)− α2J03 + β2J12
−αβ(J01 + J23)− α2J03 + β2J12 αβ(J12 − J03)− α2J23 − β2J01 − J02
)
,
Pγδ = 2
(
αβ(J12 − J03)− β2J23 − α2J01 + J13 −αβ(J01 + J23)− β2J03 + α2J12
−αβ(J01 + J23)− β2J03 + α2J12 αβ(J12 − J03)− β2J23 − α2J01 − J13
)
.
(7.6)
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From here we find that the components J03 and J12 which contribute to the BTZ
Killing vectors (2.15) and (2.16) are
J03 = −1
4
τγδ1 Pγδ −
1
2
τγδ2 Lγδ , (7.7)
J12 =
1
4
τγδ2 Pγδ +
1
2
τγδ1 Lγδ , (7.8)
where
τγδ1 =
( −αβ β2
β2 −αβ
)
, τγδ2 =
( −αβ α2
α2 −αβ
)
. (7.9)
Note that the matrices τ1 and τ2 satisfy
1
2
τ1 γδτ
γδ
1 = β
2,
1
2
τ2 γδτ
γδ
2 = α
2, τ1 γδτ
γδ
2 = 0,
τγδ2 − τγδ1 =
(
0 1
1 0
)
.
Thus, the oscillator realization of BTZ Killing vectors on the Fock module is
ξt =
1
2
(r−τ
γδ
1 + r+τ
γδ
2 )Lγδ +
1
4
(r+τ
γδ
1 + r−τ
γδ
2 )Pγδ , (7.10)
ξφ = −1
2
(r+τ
γδ
1 + r−τ
γδ
2 )Lγδ −
1
4
(r−τ
γδ
1 + r+τ
γδ
2 )Pγδ . (7.11)
8 Explicit solutions for massless fields
Having found the oscillator realization of BTZ Killing vectors (7.10), (7.11), we can
rewrite the equations (6.19) on the generating function for a field with definite energy
and angular momentum in the following form
(τ2 − τ1)γδ(L− 1
2
P )γδ ⋆ C(b) ⋆ |0〉〈0| = −4PC(b) ⋆ |0〉〈0| , (8.1a)
(τ2 + τ1)
γδ(L+
1
2
P )γδ ⋆ C(b) ⋆ |0〉〈0| = −4QC(b) ⋆ |0〉〈0| , (8.1b)
where P and Q are given in (6.17). Let
bα = (p, q) . (8.2)
Then the system (8.1) amounts to the two second-order differential equations
(p ∂p − q ∂q + p q − ∂p∂q)C(p, q) = −4PC(p, q), (8.3)
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− αβ (∂p∂p + ∂q∂q + p2 + q2 + 2p ∂q − 2q ∂p)C(p, q)
+ (α2 + β2) (p ∂p − q ∂q + ∂p∂q − p q)C(p, q) = −4QC(p, q). (8.4)
Note that the case of α = 1 and β = 0 is degenerate reducing the sum of the equations
(8.3) and (8.4) to the first order equation. As a result, the system (8.3), (8.4) at α = 1,
β = 0 admits no solutions regular in bα. Indeed, in this case from (8.3) and (8.4) it
follows that
(p∂p − q∂q)C(p, q) = −2(P +Q)C(p, q)
and, therefore, C(p, q) = p−2(P+Q)χ(pq) is not regular in the oscillators bα for physical
values of P and Q.
The substitution C(p, q) = ep qf(p, q) reduces (8.3) to
(∂p∂q + 2q ∂q)f(p, q) = (4P − 1)f(p, q), (8.5)
which can be solved as
f(p, q) =
∞∫
−∞
e−
α
4β
s2g(s)eps(
s
2
+ q)2P−
1
2ds , (8.6)
where g(s) is still arbitrary. Plugging this into (8.4) leads to the differential equation
for g(s)
αβg′′(s)− 1
2
sg′(s)− (Q+ 1
4
)g(s) = 0, (8.7)
which is the confluent hypergeometric equation. Its general solution can be expressed
in the integral form as a superposition of the following two basis solutions
∞∫
0
w2Q−
1
2 e−αβw
2+swdw and
∞∫
0
w2Q−
1
2 e−αβw
2−swdw . (8.8)
The integrals are convergent since αβ > 0 and ReQ > −1
4
.
Abusing notation, we denote general solution of (8.7) as∫
w2Q−
1
2 e−αβw
2+swdw , (8.9)
assuming by this a linear combination of the integrals
∞∫
0
w2Q−
1
2 e−αβw
2+swdw and
0∫
−∞
w2Q−
1
2 e−αβw
2+swdw . (8.10)
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Note that although the second integral in (8.10) is infinitely-valued, the ambiguity is
modulo an arbitrary constant phase factor that can be absorbed into an integration
constant.
Using g(s) from (8.9) and changing the integration variable s → s − 2q in (8.6),
we obtain the generating function in the form
C(p, q) = e−p q
∞∫
−∞
ds
∫
dw e−
α
4β
(s−2q)2−αβw2+(s−2q)w+sps2P−
1
2w2Q−
1
2
=
∞∫
−∞
ds
∫
dw emγδb
γbδ+nγbγe−αβw
2+sw− α
4β
s2s2P−
1
2w2Q−
1
2 , (8.11)
where we use the notation
mγδ =
(
0 −1
2
−1
2
−α
β
)
, nγ = (s,
α
β
s− 2w).
Using (8.11) and (5.16) one can calculate generating function (6.13), redefining the
integration variable βw → w and setting then α = 1, β = 0. We obtain the following
integral representation for the generating function C(b|X) up to a constant factor
(see Appendix B)
C(b|t, r, φ) = e−iEteiLφA(r)−Q− 12 (1− A(r)−1)P+Q2 e−b1b2
∞∫
−∞
ds
∫
dw s2P−
1
2w2Q−
1
2
× exp
(
−s
2
4
− w
2
4A(r)
+
sw
2A(r)
+ µ(r)sb1 − η(r)wb2
)
, (8.12)
where A(r) and µ(r), η(r) are defined in (2.10) and (4.17), respectively. Note that,
as discussed in Section 6 and in the beginning of this section, the formalism does
not allow to set α = 1, β = 0 in C(b) before completing its star multiplication with
g−1(a, b|W1,W2).
By construction, the generating function (8.12) gives solutions of free massless
equations in the BTZ background along with all derivatives of the massless fields as
coefficients of the expansion in powers of bα. Using the standard integral represen-
tation for the hypergeometric function (see, e.g., [29]) the generating function (8.12)
can be written in the form
C(b|t, r, φ) = e−iEteiLφ(1− A−1)P+Q2 A− 14
∞∑
m=0
∞∑
n=0
µm(−η)n
m!n!
A
n
2 (b1)m(b2)ne−b
1b2
×
[
K1F
(
P +
2m+ 1
4
, Q+
2n+ 1
4
,
1
2
;A−1
)
+K2A
− 1
2F
(
P +
2m+ 3
4
, Q+
2n + 3
4
,
3
2
;A−1
)]
,
(8.13)
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where K1, K2 are arbitrary integration constants and P,Q are defined in (6.17).
As explained in Section 6, a solution for the scalar field is given by C(0|X) (6.4).
So, from (8.13) we obtain
C(t, r, φ) = e−iEteiLφ
(
1− A−1)P+Q2 A− 14
×
[
K1F
(
P +
1
4
, Q+
1
4
,
1
2
;A−1
)
+K2A
− 1
2F
(
P +
3
4
, Q+
3
4
,
3
2
;A−1
)]
,
(8.14)
This formula coincides with the solution of massless scalar equation (6.9) in the BTZ
background originally obtained in [23, 24] for any value of mass.
Also it is now straightforward to find from (8.13) the solution for the spinor field
Cα(X) (6.4)
Cα(t, r, φ) = e
−iEteiLφ
(
1−A−1)P+Q2 A− 14 (K1 ψ1α +K2 ψ2α), (8.15)
with
ψ1 =
(
µF
(
P + 3
4
, Q+ 1
4
, 1
2
;A−1
)
−(Q + 1
4
)ηF
(
P + 3
4
, Q+ 5
4
, 3
2
;A−1
) )
and
ψ2 =
(
(P + 1
4
)µA−
1
2F
(
P + 5
4
, Q+ 3
4
, 3
2
;A−1
)
−ηA 12F (P + 1
4
, Q+ 3
4
, 1
2
;A−1
) ) .
Different choices of the functions µ(r), η(r) (4.17) correspond to different Lorentz
gauges in the general solution of Dirac equation (6.10) with definite energy E and
angular momentum L in BTZ black hole background. Note that our Lorentz gauge
differs from that of [25, 26].
9 Extremal BTZ black hole
Exact solutions for the Klein-Gordon and Dirac equations in the extremal BTZ back-
ground were found in [30] and [31]. In the extremal case with M = |J | the two
horizons coincide and the parametrization (2.9) cannot be used. As before, black
hole connection w0(a, b|X) is expressed via the gauge function g(a, b|W1,W2) but
now the ambient coordinates Xa are parameterized differently (see [11]). In the ex-
tremal case the Killing vector responsible for the identification (2.13) has additional
terms that cannot be removed by a SO(2, 2) transformation
∂
∂φ
= −λr+J12 + λr−J03 + J13 − J23. (9.1)
Consequently, the system of equations (8.1) changes its form. Fortunately, to obtain
the solutions in the extremal case it is not necessary to solve the equations again.
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As pointed out e.g. in [32] one can simply take the limit for the solutions (8.14) and
(8.15). Namely,
A−1P = κ = i
(E − L)(r+ + r−)
2(r2 − r2−)
is regular in the limit r+ → r− (P is defined in (6.17)). Now let us substitute A−1 = κP
in (8.14), (8.15) and consider the limit r+ → r− or, equivalently, P →∞. The result
can be written in terms of Whittaker functions Mp,q(x) [33].
For the massless scalar we obtain
C(t, r, φ) = e−iEteiLφ
(
K1M−Q,− 1
4
(κe) +K2M−Q, 1
4
(κe)
)
, (9.2)
where
κe = i
(E − L) re
r2 − r2e
(9.3)
and re is the horizon of the extremal black hole. One can easily check that this
solution indeed satisfies the conformal Klein-Gordon equation written in extremal
black hole background.
For the massless spinor we have
Cα(t, r, φ) = e
−iEteiLφ(K1 ψ1α +K2 ψ2α), (9.4)
with
ψ1 =
(
µM−Q,− 1
4
(κe)
−(Q + 1
4
)ηκ
− 1
2
e M−Q, 1
4
(κe)
)
and
ψ2 =
(
µM−Q, 1
4
(κe)
−ηκ−
1
2
e M−Q,− 1
4
(κe)
)
,
where K1, K2 are arbitrary constants.
10 Symmetries of massless fields in BTZ black
hole background
Any fixed vacuum solution (4.1) of (4.2) breaks local HS symmetries to the global
symmetries associated with the stability subalgebra with the parameter ǫ0(a, b|X)
satisfying (4.6). The BTZ boundary condition (2.13) restricts the space of solutions
of (4.6) thus providing a (non-local) mechanism of spontaneous symmetry breaking.
Namely, only those symmetries remain well-defined upon the factorization (2.13) that
commute to the Killing vector ξφ responsible for the angle identification
[ξ(a, b), ξφ]⋆ = 0 , (10.1)
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where ξ(a, b) is the generating parameter in (5.2). The spaces of solutions of (10.1)
are different for generic and extremal black holes. We, therefore, consider these cases
separately.
Let us start with the case of generic black hole r2+−r2− > 0 and ∂∂φ given by (2.15)
with its star-product realization ξφ (7.11). To make contact with the gauge function
(5.4), we set α = 1 and β = 0, thus
ξφ = −1
2
r−τ
γδLγδ − 1
4
r+τ
γδPγδ , τ
γδ =
(
0 1
1 0
)
. (10.2)
To solve the equation (10.1) it is convenient to introduce the new set of oscillators
pα, qβ
p1 =
1√
2
(a1 + b1) , p2 =
1√
2
(a1 − b1) ,
q1 =
1√
2
(a2 − b2) , q2 = 1√
2
(a2 + b2) (10.3)
that satisfy the commutation relations
[pα, pβ]⋆ = [q
α, qβ]⋆ = 0 , [pα, q
β]⋆ = δα
β (10.4)
and are chosen so that ξφ takes the following simple form
ξφ = −1
2
Aα
βpβq
α , Aα
β =
(
r+ + r− 0
0 r− − r+
)
. (10.5)
Note, that since the oscillator commutation relations remain unchanged, the same
star-product formula (3.4) is valid with a and b replaced by p and q, respectively.
The equation (10.1) gives (cf (B.1))
Aα
β
(
pβ
∂
∂pα
+ qα
∂
∂qβ
)
ξ(p, q) = 0 . (10.6)
Infinitesimal HS symmetries we are interested in correspond to local transformations
with a finite number of space-time derivatives. The corresponding symmetry gener-
ating parameters ξ(p, q) are described by polynomial functions of the oscillators. A
class of polynomial solutions of (10.1) depends on the parameter
σ =
r+ + r−
r+ − r− . (10.7)
There are following different cases:
• σ /∈ N
22
For any positive non-integer σ the general solution of (10.6) is
ξ(p, q) =
∑
Rmn(q1p2)
m(q2p1)
n ∼
∑
R˜mn(ξφ)
m(ξt)
n , (10.8)
where Rmn are arbitrary constants. Note, that the conformal algebra sp(4), spanned
by various bilinears of oscillators (10.3), is broken to the u(1) ⊕ u(1) subalgebra
spanned by the BTZ Killing vectors ξφ and ξt (equivalently, q1p2 and q2p1).
• σ = 2, 3, . . .
In the interesting case of positive integer σ a larger class of HS symmetries survives.
General solution of (10.6) is
ξ(p, q) =
∑
Rn1n2m1m2(q1p2)
n1(q2p1)
n2(p1p
σ
2 )
m1(q1q
σ
2 )
m2 . (10.9)
The conformal algebra sp(4) is still broken to u(1)⊕u(1). The condition σ = 2, 3, . . .
imposes specific quantization of the mass M in terms of the angular momentum J
since σ =
√
M+Jλ
M−Jλ . For this case it follows that ρ
+ = (ρ−)σ which means that one of
the holonomy operators involved in the factorization of BTZ black hole is the integral
power of the other5.
• σ = 1
This is the case of non-rotating black hole with J = 0. Polynomial solutions for
ξ(p, q) are
ξ(p, q) =
∑
Rm1m2n1n2(q1p2)
m1(q2p1)
m2(p1p2)
n1(q1q2)
n2 . (10.10)
The distinguishing property of the non-rotating black hole is that in this case a larger
part of the conformal symmetry survives. It is generated by the bilinears q1p2, q2p1,
p1p2, q1q2 and is isomorphic to gl(2). In addition to BTZ Killing vectors, it has two
generators of special conformal transformations associated with b1b1 and b2b2.
Let us proceed to the extremal case. The Killing vector of the extremal black hole
with r− = r+ = re responsible for the angle identification is defined in (9.1). Using
(7.6) and setting α = 1, β = 0, the expression for ξφ in p, q oscillators reads
ξφ = −rep1q2 + 1
2
(
(p1)
2 − (q1)2
)
. (10.11)
Performing simple star-product calculations, we rewrite (10.1) in the form
re
(
p2
∂
∂p2
− q1 ∂
∂q1
)
ξ − p2 ∂ξ
∂q1
+ q2
∂ξ
∂p1
= 0 . (10.12)
The cases with re 6= 0 and re = 0 (i.e., M = J = 0) require different consideration.
5We are grateful to S. Carlip for drawing our attention to this fact.
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• re 6= 0
The general polynomial solution of (10.12) is
ξ(p, q) =
∑
Rmn(p1)
m(2req2 − p1)m(q1)n . (10.13)
One observes that, in addition to the usual u(1)⊕ u(1) algebra generated by Killing
vectors ξt and ξφ, extremal black hole has one Killing spinor generated by q1. This
is in accordance with [34] where supersymmetry of an extremal BTZ black hole was
found.
• re = 0
The vacuum case ofM = J = 0 provides the black hole background with the maximal
number of supersymmetries and generic ξ(p, q) of the form
ξ(p, q) =
∑
Rmnk(p1)
m(q1)
n(q1q2 + p1p2)
k . (10.14)
It has two exact supersymmetries [34] generated by p1 and q1 and a part of conformal
algebra spanned by p1p1, q1q1, q1p1, q1q2 + p1p2 which is isomorphic to E2 ⊕ u(1),
where E2 is the algebra of motions of a two-dimensional Euclidian plane.
Note that in our approach it is elementary to obtain explicit formulae for the
symmetry transformation laws. The corresponding symmetry parameter (5.2) for
any generating parameter ξ(a, b) results from the differentiation of the generating
parameter (A.1) from Appendix A with respect to the sources µα, ηβ.
11 Conclusion
We have shown that the BTZ black hole can be concisely formulated in terms of
the star-product formalism underlying the present day formulations of nonlinear HS
gauge theories. Satisfying the o(2, 1) ⊕ o(2, 1) zero-curvature condition, the BTZ
black hole is automatically an exact solution of the nonlinear 3d HS gauge theory. It
is shown how the star-product formulation allows one to solve free field equations in
the black hole background.
The leftover higher spin and lower spin symmetries of massless fields in the BTZ
black hole background are found. In the case of M > 0 non-extremal BTZ black
hole, the conformal algebra o(3, 2) ∼ sp(4) turns out to be broken to the u(1)⊕ u(1)
subalgebra generated by BTZ Killing vectors and to gl(2) in the cases of J > 0 and
J = 0, respectively. For σ =
√
M+Jλ
M−Jλ = 1, 2, . . . the leftover HS symmetries get
enhanced. A physical interpretation of this enhancement remains to be understood.
Our analysis of extremal BTZ black hole reproduces the previously known lower spin
(super)symmetries and determines their HS extensions.
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We hope to extend the obtained results in the following two, most likely related,
directions. Firstly, to Kerr solutions of nonlinear HS gauge theories in four and higher
dimensions and, secondly, to BTZ-like solutions in the generalized space-times with
matrix coordinates which are Sp(M) group manifolds in the AdS-like case.
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Appendix
A. Action of (angular) momentum operator on a scalar field
To find the on-shell action of Lαβ and Pαβ generators on the scalar field let us consider
the generating parameter
ξ = exp(aαµ
α + bαη
α)
with constant sources µα and ηα. As shown in [20], the global symmetry generators
that result from (5.2) read as
ǫ = exp(aαµˆ
α + bαηˆ
α) , (A.1)
where
µˆα =
1
2
(W−11 +W2)α
βµβ +
1
2
(W−11 −W2)αβηβ , (A.2a)
ηˆα =
1
2
(W−11 +W2)α
βηβ +
1
2
(W−11 −W2)αβµβ . (A.2b)
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The differentiation with respect to the sources µα, ηα gives the generators of global
AdS3 symmetries
ǫPαβ =
(
∂2
∂µα∂µβ
+
∂2
∂ηα∂ηβ
)
ǫ
∣∣∣∣µ=0
η=0
, (A.3a)
ǫLαβ =
1
2
(
∂2
∂µα∂ηβ
+
∂2
∂ηα∂µβ
)
ǫ
∣∣∣∣µ=0
η=0
. (A.3b)
Using (6.11) and performing the star-products one obtains
δ|C(b|X)〉 = ǫ ⋆ |C(b|X)〉 = exp(bαηˆα + 1
2
µˆαηˆ
α)C(b+ µˆ|X) ⋆ |0〉〈0|, (A.4)
so that
δC(b|X) = C(b+ µˆ|X) exp(bαηˆα + 1
2
µˆαηˆ
α) . (A.5)
As a result, from (A.3) and (A.5) one obtains the following action of AdS3 symmetries
on the scalar field C(X)
δPαβC(X) =
(
∂2
∂µα∂µβ
+
∂2
∂ηα∂ηβ
)(
C(µˆ|X)e 12 µˆγ ηˆγ
)∣∣∣∣µ=0
η=0
, (A.6a)
δLαβC(X) =
1
2
(
∂2
∂µα∂ηβ
+
∂2
∂ηα∂µβ
)(
C(µˆ|X)e 12 µˆγ ηˆγ
)∣∣∣∣µ=0
η=0
(A.6b)
that gives
δPαβC(X) =
1
2
(
W1α
γW1β
δ + (W−12 )α
γ(W−12 )β
δ
) ∂2C(µ|X)
∂µγ∂µδ
∣∣∣∣
µ=0
, (A.7a)
δLαβC(X) =
1
4
(
W1α
γW1β
δ − (W−12 )αγ(W−12 )βδ
) ∂2C(µ|X)
∂µγ∂µδ
∣∣∣∣
µ=0
. (A.7b)
Using the equation of motion (6.6), for the scalar field we have
dC(X) =
1
4
hαβ
∂2C(µ|X)
∂µα∂µβ
∣∣∣∣
µ=0
(A.8)
or, equivalently,
2hn,αβ∂nC(X) =
∂2C(µ|X)
∂µα∂µβ
∣∣∣∣
µ=0
. (A.9)
Using (4.7) and taking (4.11) into account, the substitution of (A.9) into (A.7) yields
the following action of AdS3 isometry generators on the scalar field
δPαβC(X) = (∂mSαγSβ
γ − ∂mSγαSγβ)gmn∂nC(X), (A.10a)
δLαβC(X) =
1
2
(∂mSαγSβ
γ + ∂mSγαS
γ
β)g
mn∂nC(X). (A.10b)
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B. Star-product calculus
Here we collect some useful star-product formulae used throughout this paper
aαaβ ⋆ f(a, b) = aαaβf(a, b) +
1
2
(
aα
∂
∂bβ
+ aβ
∂
∂bα
)
f(a, b) +
1
4
∂2
∂bα∂bβ
f(a, b),
bαbβ ⋆ f(a, b) = bαbβf(a, b) +
1
2
(
bα
∂
∂aβ
+ bβ
∂
∂aα
)
f(a, b) +
1
4
∂2
∂aα∂aβ
f(a, b), (B.1)
aαbβ ⋆ f(a, b) = aαbβf(a, b) +
1
2
(
aα
∂
∂aβ
+ bβ
∂
∂bα
)
f(a, b) +
1
4
∂2
∂aβ∂bα
f(a, b).
Let us now calculate the generating function (8.12). According to the prescription
given in Section 6
|C(b|X)〉 = g−1(a, b|HW1,W2) ⋆ C(b) ⋆ |0〉〈0|
∣∣∣
α=1
β=0
, (B.2)
where C(b) is defined in (8.11). The direct calculations are quite cumbersome. In
practice, it is convenient to eliminate Lorentz term in the gauge function g(a, b|HW1,W2).
With the aid of (5.9), (5.8) one can rewrite (B.2) in the form
|C(b|X)〉 = Λ−1(a, b|V ) ⋆ g−1(a, b|HW1V, V −1W2) ⋆ C(b) ⋆ |0〉〈0|
∣∣∣
α=1
β=0
. (B.3)
Let us choose Lorentz transformation matrix Vγδ such that
HW1V = V
−1W2 =
√
S.
Then the gauge function takes the form
g0(a, b|S) = g(a, b|
√
S,
√
S) =
4
det ||√S + 1)|| exp
(
−Παβ(
√
S)(aαaβ+bαbβ)
)
, (B.4)
where Sγδ is given in (5.15). Thus using (6.12), the generating function can be
calculated as
|C(bγ |X)〉 = |C0((V −10 )γδbδ|X)〉 , (B.5)
where V0 is the Lorentz transformation matrix at α = 1, β = 0 which has the following
form
V0 γδ = −
√
(u+ x)(y − v)
2(u+ 1)
(
µ(r) µ(r)x−u−1
y−v
η(r)(u− x) η(r) (u−x)(u+x+1)
y−v
)
(B.6)
and
|C0(b|X)〉 = g−10 (a, b|S) ⋆ C(b) ⋆ |0〉〈0|
∣∣∣
α=1
β=0
.
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To evaluate star-products of Gaussian exponentials of the form
F (b) ⋆ |0〉〈0| =
√
det ||1− f 2||efαβ(aαaβ+bαbβ) ⋆ emγδbγbδ+nγbγ ⋆ |0〉〈0| (B.7)
one uses (3.4) to obtain by simple Gaussian integration
F (b) =
√
det ||1− f 2||
det(A)
exp
([
(f−1 + 2m)
1
f + f−1 + 4m
(f + 2m)−m
]
αβ
bαbβ
+
[
1
f + f−1 + 4m
(f−1 − f)
]
αβ
nαbβ +
[
1
f + f−1 + 4m
]
αβ
nαnβ
)
, (B.8)
where
(f−1)α
βfβ
γ = δα
γ
and
Aαβ = εαβ + fα
γfγβ + 4fα
γmγβ .
Using (8.11), (B.4) and (B.8) we obtain the following result
F (b) =
(
β
y − v
) 1
2
∞∫
−∞
ds
∫
dw s2P−
1
2w2Q−
1
2 e−
u+x
4(y−v)
s2−β2 u−x
y−v
w2+ β
y−v
sw
× exp
(
Bγδ b
γbδ +
Aγb
γ
(y − v)
√
2(αu− βy + 1)
)
(B.9)
with
Aγ =
(
2β(α(y − v) + β(x− u))w + (β + y − v)s
2β(α(x− u) + β(y − v)− 1)w + (u+ x+ α)s
)
and
Bγδ =
β
y − vmγδ +
y − v + β
2(y − v)(αu− βy + 1)S(γδ) ,
where parentheses denote index symmetrization.
By redefining the integration variable βw → w (reabsorbing a β-dependent factor
into an integration constant) and setting then α = 1, β = 0 we obtain
C0(b|X) = (y − v)− 12
∞∫
−∞
ds
∫
dw s2P−
1
2w2Q−
1
2 e−
u+x
4(y−v)
s2−u−x
y−v
w2+ 1
y−v
sw · eBˆγδ bγbδ
× exp
(
b1(2w + s)(y − v) + b2(s(u+ x+ 1) + 2w(x− u− 1))
(y − v)√2(u+ 1)
)
, (B.10)
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with
Bˆγδ =
1
2
( y−v
u+1
x
u+1
x
u+1
− y+v
u+1
− 2
y−v
)
.
Performing Lorentz transformation (B.5) and using BTZ coordinates (2.9) we finally
obtain (8.12).
Let us also note, that a convenient parametrization of a Sp(2)-valued matrix Sαβ
is
Sαβ = cosh(p)εαβ + sinh(p)καβ ,
where καβ = κβα and
1
2
καβκ
αβ = −1. One can see that the nth power of S is
(Sn)αβ = cosh(np)ǫαβ + sinh(np)καβ .
As a result,
(
√
S)αβ = cosh
(p
2
)
εαβ + sinh
(p
2
)
καβ .
Also one finds that the matrix Π =
√
S−1√
S+1
is
Παβ = tanh
(p
4
)
καβ .
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